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This research investigates the periodicity and unicity of meromorphic functions with two
shared values CM and one IM (2CM + 1IM), which improves some results obtained by
Brosch and Zheng concerning three shared values CM (3CM). Moreover, examples show
that some conditions are necessary.
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1. Introduction and results
In this paper, we use C to denote the open complex plane, Ĉ= C ∪ {∞} to denote the extended complex plane. Mero-
morphic functions are always non-constant, unless otherwise speciﬁed. It is assumed that the reader is familiar with the
fundamental concepts of Nevanlinna’s value distribution theory (see [2,7]), and in particular with the most usual of its
symbols:
m(r, f ), m
(
r,
1
f − a
)
, N(r, f ), N
(
r,
1
f − a
)
, T (r, f ).
Meanwhile, the order λ, lower order μ, and lower hyper-order ν1 of meromorphic function f is deﬁned in turn as follows:
λ := λ( f ) = limsup
r→∞
log T (r, f )
log r
, μ := μ( f ) = lim inf
r→∞
log T (r, f )
log r
,
ν1 := ν1( f ) = lim inf
r→∞
1
log log T (r, f )
log r.
As for the standard notation in the uniqueness theory of meromorphic functions, suppose that f , g are meromorphic
functions and a ∈ Ĉ, resp. a is a small meromorphic function in the usual Nevanlinna theory sense. Denoting by E(a, f )
the set of those points z ∈ C where f (z) = a, resp. f (z) = a(z), we say that f , g share a IM (ignoring multiplicities), if
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at each z ∈C, then f , g share a CM (counting multiplicities).
In 1989, Brosch (see [1]) proved the following theorem in his doctoral dissertation.
Theorem A. Let f (z) and g(z) be two non-constant meromorphic functions sharing three values a j ( j = 1,2,3) CM. If f (z) is a
periodic function with period c (= 0), then g(z) is also a periodic function with period c.
Later, in 1992, Zheng (see [8]) improved a result obtained by Brosch (see [1]) and proved the following.
Theorem B. Let f (z) and g(z) be non-constant meromorphic functions sharing 0,1,∞ CM. If f (z) is a periodic function with period
c (= 0), then g(z) is a periodic function with period c (= 0) too. Furthermore, if the lower hyper-order ν1( f ) of f (z) is less than 1,
then f (z) ≡ g(z) or f (z) and g(z) assume the following form
f (z) = e
a1z+b1 − 1
ea2z+b2 − 1 , g(z) =
e−a1z−b1 − 1
e−a2z−b2 − 1 ,
where a1 = 2mπ ic , a2 = 2kπ ic , b1 , b2 are constants, and m, k are integers.
Recently, many papers (see [3,5,6,9]) focus on exact difference analogue of Nevanlinna theory. Heittokangas et al. (see [3])
studied the shared value problems related to a meromorphic function f (z) and its shift f (z + c), where c ∈ C. Denote
by S( f ) the family of all meromorphic functions α such that T (r,α) = o(T (r, f )), where r → ∞ outside of a possible
exceptional set of ﬁnite of logarithmic measure. Moreover, we also include all constant functions in S( f ), and let Ŝ( f ) =
S( f ) ∪ {∞}. In fact, Heittokangas et al. obtained the following result.
Theorem C. Let f (z) be a meromorphic function of ﬁnite order, let c ∈ C \ {0}, and let a1 , a2 , a3 ∈ Ŝ( f ) be three distinct periodic
functions with period c. If f (z) and f (z + c) share a1 , a2 CM and a3 IM, then f (z) = f (z + c) for all z ∈C.
Now Theorem C motivates us to pose the following question.
Question 1. Does the condition “3CM” in Theorem A can be replaced by “2CM + 1IM”? If the answer is aﬃrmative, what
can we say about Theorem B?
In this paper, we prove the following results from the point of view of Question 1.
Theorem 1. Let f (z) and g(z) be two non-constant meromorphic functions with f (z) of ﬁnite order, let c ∈C\{0}, and let a1,a2,a3 ∈
Ŝ( f ) be three distinct periodic functions with period c. Suppose that f (z) and g(z) share a1 , a2 CM and a3 IM. If f (z) = f (z + c) for
all z ∈C, then g(z) = g(z + c) for all z ∈C.
Remark 1. The condition “2CM+ 1IM” cannot be replaced by “2CM”.
Example 1. Let f (z) = e2z and g(z) = ez , then f (z) = f (z + π i) for all z ∈C, but g(z) = g(z + π i) for all z ∈C.
Theorem 2. Let f (z) and g(z) be two non-constant meromorphic functions sharing a1 , a2 CM and a3 IM, where a1,a2,a3 ∈ Ŝ( f ) are
three distinct periodic functions with period c (= 0). Suppose that f (z) = f (z + c) for all z ∈C and that 1 < μ( f ) λ( f ) < +∞. If
limsup
r→+∞
N(r, 1f−a1 )
T (r, f )
< 1, (1.1)
then f (z) ≡ g(z).
Remark 2. The condition “1 < μ( f )” is necessary.
Example 2. (See [4].) First of all, by Lemma 2, the lower order μ of a periodic function f (z) must be greater than or equal
to 1, i.e., 1μ( f ). On the other hand, let
f (z) = e
z
ez + 1− e2z , g(z) =
e−z
ez + 1− e2z .
By a simple calculation, it is easy to see that f , g share 0, ∞ CM and 1 IM, and that f , g are both periodic functions with
the same period 2π i, and that μ( f ) = 1, but that f (z) ≡ g(z).
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Example 3. (See [4].) Let
f (z) = e
sin z
esin z + 1− e2 sin z , g(z) =
e− sin z
esin z + 1− e2 sin z .
By a simple calculation, it is easy to see that f , g share 0, ∞ CM and 1 IM, and that f , g are both periodic functions with
the same period 2π i, and that λ( f ) = +∞, but that f (z) ≡ g(z).
2. Some lemmas
Before proceeding to the actual proofs, we recall a few lemmas that take an important role in the reasoning.
Lemma 1. (See [7, Hadamard’s Factorization Theorem].) Let f (z) be an entire function of ﬁnite order λ( f ) with zeros {z1, z2, . . .} ⊂
C \ {0} and a k-fold zero at the origin. Then
f (z) = zk P (z)eQ (z),
where P (z) is the canonical product of f (z) formed with the non-null zeros of f (z), and Q (z) is a polynomial of degree λ( f ).
Lemma 2. (See [7, p. 296, Lemma 5.1].) If f (z) is a periodic non-constant meromorphic function, then λ( f )  1, μ( f )  1, where
λ( f ) and μ( f ) are the order and lower order of f (z), respectively.
Lemma 3. (See [7, p. 30, Theorem 1.13].) Let f (z) be a meromorphic function. If
g = af + b
cf + d ,
where a,b, c,d ∈ S( f ) and ad − bc ≡ 0, then
T (r, g) = T (r, f ) + S(r, f ).
3. Proof of Theorem 1
Without loss of generality, we assume that a1 = 0, a2 = ∞, a3 = 1. By the second main theorem and the assumptions,
we have
T (r, g) N(r, g) + N
(
r,
1
g
)
+ N
(
r,
1
g − 1
)
+ S(r, g)
= N(r, f ) + N
(
r,
1
f
)
+ N
(
r,
1
f − 1
)
+ S(r, g)
 3T (r, f ) + S(r, g).
Similarly,
T (r, f ) 3T (r, g) + S(r, f ).
Therefore λ(g) = λ( f ) < ∞.
Since f and g share 0, ∞ CM, by Hadamard’s factorization theorem, we have
f (z)
g(z)
= eQ (z), (3.1)
where Q (z) is a polynomial of degree  λ( f ).
It follows from (3.1) immediately that
f (z + c)
g(z + c) = e
Q (z+c). (3.2)
Eqs. (3.1) and (3.2) yield
f (z) = eQ (z)g(z), f (z + c) = eQ (z+c)g(z + c). (3.3)
Noting that f (z) = f (z + c) for all z ∈C, we deduce from (3.3) that
eQ (z)g(z) = eQ (z+c)g(z + c), (3.4)
which implies g(z) and g(z + c) share 0, ∞ CM.
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Since f (z) = f (z+ c) for all z ∈C, we have f (z0 + c) = 1 and in turn g(z0 + c) = 1. On the other hand, if there exists a point
z1 ∈C such that g(z1 + c) = 1, similarly, we can get g(z1) = 1. Thus g(z) and g(z + c) share 1 IM. Therefore by Theorem C,
we obtain Theorem 1 in this case.
For a general case, we take the transformation
T (z) = z − a1
z − a2 ·
a3 − a2
a3 − a1 , (3.5)
and so T (a1) = 0, T (a2) = ∞, T (a3) = 1. Let
F = T ◦ f , G = T ◦ g.
We see that F , G share 0, ∞ CM and 1 IM, and that F (z) ≡ F (z + c). Similarly to the above discussion, we have G(z) ≡
G(z + c). Therefore,
g(z) ≡ (T−1 ◦ G)(z) ≡ (T−1 ◦ G)(z + c) ≡ g(z + c).
This completes the proof of Theorem 1.
4. Proof of Theorem 2
Without loss of generality, we also assume that a1 = 0, a2 = ∞, a3 = 1. From the proof of Theorem 1, we see that
g(z) = g(z + c) for all z ∈C and that λ(g) = λ( f ) < ∞.
Suppose on the contrary that f (z) ≡ g(z).
Since f (z) = f (z + c), g(z) = g(z + c) for all z ∈C, we deduce from (3.1) and (3.2) that
eQ (z+c) ≡ eQ (z),
where Q (z) is a polynomial of degree  λ( f ).
Consequently
eQ (z+c)−Q (z) ≡ 1,
which leads to
Q ′(z + c) − Q ′(z) ≡ 0.
Hence Q ′(z) has a period c. Further, by Lemma 2 again, Q ′(z) must be a constant function or a transcendental meromorphic
function. Since Q ′(z) is a polynomial, we deduce that Q ′(z) must be a constant.
Let
Q (z) = az + b, (4.1)
where a, b are constants.
Substituting (4.1) into (3.1) gives
f (z)
g(z)
= eaz+b. (4.2)
Noting that μ( f ) > 1 and λ(eaz+b) = 1, we have
T
(
r, eaz+b
)= S(r, f ) = S(r, g). (4.3)
Hence, by Lemma 3, (4.2) and (4.3) yield
T (r, f ) = T (r, g) + S(r, f ). (4.4)
Set
f (z) − 1
g(z) − 1 = φ(z), (4.5)
where φ is well deﬁned meromorphic function of ﬁnite order.
Combining (4.2) and (4.5), we have
φ(z) = g(z)e
az+b − 1
g(z) − 1 .
Again by Lemma 3, it follows from (4.3) that
T (r, φ) = T (r, g) + S(r, g). (4.6)
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Since f , g share 1 IM, it follows from (4.2) that the 1-points of f (z) and g(z) are among the 1-points of eaz+b . Hence,
by (4.5), we have
N(r, φ) = N
(
r,
1
g − 1
)
 N
(
r,
1
eaz+b − 1
)
= S(r, g), (4.7)
N
(
r,
1
φ
)
= N
(
r,
1
f − 1
)
 N
(
r,
1
eaz+b − 1
)
= S(r, g). (4.8)
Again by (4.5), we have
φ(z) − 1 = f (z) − 1
g(z) − 1 − 1 =
f (z) − g(z)
g(z) − 1 =
g(z)(eaz+b − 1)
g(z) − 1 ,
which leads to
N
(
r,
1
φ(z) − 1
)
 N
(
r,
1
g(z)
)
+ N
(
r,
1
eaz+b − 1
)
= N
(
r,
1
g(z)
)
+ S(r, g). (4.9)
Combining (4.7), (4.8) and (4.9), we have
T (r, φ) N(r, φ) + N
(
r,
1
φ
)
+ N
(
r,
1
φ − 1
)
+ S(r, φ) N
(
r,
1
g
)
+ S(r, φ). (4.10)
This, together with (4.6), yields
T (r, g) N
(
r,
1
g
)
+ S(r, g) = N
(
r,
1
f
)
+ S(r, g). (4.11)
By the assumption (1.1) in Theorem 2 and (4.4), there exists a real number γ ∈ [0,1) such that
N
(
r,
1
f
)
< γ T (r, g) (4.12)
holds for all suﬃciently large r.
The formulas (4.11) and (4.12) imply that
(1− γ )T (r, g) < S(r, g),
which is impossible. Therefore, Theorem 2 is true in this case.
For a general case, we also take the transformation (3.5), and so T (a1) = 0, T (a2) = ∞, T (a3) = 1. Let
F = T ◦ f , G = T ◦ g.
We see that F , G share 0, ∞ CM and 1 IM, and that F (z) ≡ F (z + c), and that T (r, F ) = T (r, f ) + S(r, f ). Hence, similarly
to the above discussion, we have G(z) ≡ G(z + c) and F (z) ≡ G(z). Therefore,
g(z) ≡ (T−1 ◦ G)(z) ≡ (T−1 ◦ G)(z + c) ≡ g(z + c)
and
f (z) ≡ (T−1 ◦ F )(z) ≡ (T−1 ◦ G)(z + c) ≡ g(z).
This completes the proof of Theorem 2.
5. Concluding corollaries and remarks
From Theorem 1, we have the three following immediate consequences.
Corollary 1. Let f and g be two non-constant entire functions with f of ﬁnite order, c ∈C \ {0}, ai ∈C (i = 1) be two distinct values,
and let f and g share a1 CM and a2 IM. If f is a periodic function with period c, then g is also a periodic function with period c.
Corollary 2. Let f = eQ , g = eP , where Q , P are two non-constant polynomials. If f and g have a different period, then there does
not exist one constant a ∈C \ {0} such that f and g share a IM.
Corollary 3. Let f and g be two non-constant meromorphic functions with f of ﬁnite order, c1, c2 ∈ C \ {0}, ai ∈ Ĉ (i = 1,2,3) be
three distinct values, and let f and g share a1 , a2 CM and a3 IM. If f is a periodic elliptic function with period c1, c2 , then g is also a
periodic elliptic function with period c1 , c2 .
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Example 4. Let
f (z) = e
z + 1
(ez − 1)2 , g(z) =
(ez + 1)2
8(ez − 1) .
It is easy to see that f , g are periodic functions with the same period 2π i and that f , g share 0, ∞,1 IM but not CM.
Remark 5. The problem of whether “2CM+ 1IM” can be replaced by “3IM” or not is still open.
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